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Abstract
Our aim in this paper is to deal with the boundedness of maximal functions in generalized
Lebesgue spaces Lp(·) when p(·) satisfies a log-Hölder condition at infinity that is weaker than that of
Cruz-Uribe, Fiorenza and Neugebauer [D. Cruz-Uribe, A. Fiorenza, C.J. Neugebauer, The maximal
function on variable Lp spaces, Ann. Acad. Sci. Fenn. Math. 28 (2003) 223–238; 29 (2004) 247–
249]. Our result extends the recent work of Diening [L. Diening, Maximal functions on generalized
Lp(·) spaces, Math. Inequal. Appl. 7 (2004) 245–254] and the authors Futamura and Mizuta [T. Fu-
tamura, Y. Mizuta, Sobolev embeddings for Riesz potential space of variable exponent, preprint].
As an application of the boundedness of maximal functions, we show Sobolev’s inequality for Riesz
potentials with variable exponent.
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Sobolev functions play a significant role in many fields of analysis. In recent years, the
generalized Lebesgue spaces Lp(·) and the corresponding Sobolev spaces Wm,p(·) have
attracted more and more attention, in connection with the study of elasticity, fluid me-
chanics and differential equations with p(·)-growth; see Ru˚žicˇka [17]. One of the most
important results for Sobolev functions is so-called Sobolev’s embedding theorem, and the
corresponding result has been extended to Sobolev spaces of variable exponent by many
authors; see for example [2,5–8,10,11,18]. In this study, one of the most important tools is
the boundedness of maximal functions for variable exponent Lebesgue spaces Lp(·). Many
authors have studied the continuity when p(·) satisfies a Hölder type condition.
Cruz-Uribe, Fiorenza and Neugebauer [3, Theorem 1.5] have recently obtained the
boundedness of maximal functions on general domains when p(·) satisfies a Hölder type
condition locally as well as at infinity. Our aim in this paper is to relax the Hölder condition
at infinity.
Let Ω be an open set in Rn. We use the notation B(x, r) to denote the open ball centered
at x of radius r . For a locally integrable function f on Ω , we consider the maximal function
Mf defined by
Mf (x) = sup
B
1
|B|
∫
Ω∩B
∣∣f (y)∣∣dy,
where the supremum is taken over all balls B = B(x, r) and |B| denotes the volume of B .
Let p(·) be a positive continuous function on Ω such that p(x) > 1 on Ω . Following Orlicz
[15] and Kovácˇik and Rákosník [12], we define the Lp(·)(Ω) norm by
‖f ‖p(·) = ‖f ‖p(·),Ω = inf
{
λ > 0:
∫
Ω
∣∣∣∣f (y)λ
∣∣∣∣
p(y)
dy  1
}
and denote by Lp(·)(Ω) the space of all measurable functions f on Ω with ‖f ‖p(·) < ∞.
In this paper we are mainly concerned with p(·) of the form
p(x) = p∞ + a log(e + log(e + |x|))log(e + |x|) +
b
log(e + |x|) ,
where 1 < p∞ < ∞, a > 0 and −∞ < b < ∞; when a = 0 and b 0, the boundedness of
maximal functions as an operator from Lp(·)(Rn) to Lp(·)(Rn) was shown by Cruz-Uribe,
Fiorenza and Neugebauer [3]. In our case we cannot expect the boundedness of maximal
functions as an operator from Lp(·)(Rn) to Lp(·)(Rn), according to the work by Pick and
Ru˚žicˇka [16]. Hence our first aim in this paper is to find a function Φ(t, x) on R×Rn such
that ∫
Rn
Φ
(
Mf (x), x
)
dx  C whenever ‖f ‖p(·)  1
(see Theorem 3.8) as an extension of Diening [4], Cruz-Uribe, Fiorenza and Neugebauer
[3, Theorem 1.5] and the authors [8, Theorem 2.4].
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which is defined by
Iαf (x) =
∫
Rn
|x − y|α−nf (y) dy.
Here 0 < α < n. As an application of the boundedness of maximal functions, we give
Sobolev’s inequality for Riesz potentials of functions in Lp(·). We, in fact, find a function
Ψ (t, x) on R × Rn such that∫
Rn
Ψ
(
Iαf (x), x
)
dx C whenever ‖f ‖p(·)  1
(see Theorem 4.10), as an extension of Capone, Cruz-Uribe and Fiorenza [2, Theorem 1.6],
Diening [5, Theorem 3.8] and the authors [8, Theorem 3.4].
For related results, see also Adams and Hedberg [1], Musielak [14], and the authors
[9,13].
2. Preliminaries
Throughout this paper, let C denote various constants independent of the variables in
question.
Consider a positive continuous function p(·) on Rn of the form
p(x) = p∞ + a log(e + log(e + |x|))log(e + |x|) +
b
log(e + |x|) ,
where 1 < p∞ < ∞, a > 0 and −∞ < b < ∞.
Let 1/p′(x) = 1 − 1/p(x).
Remark 2.1. For a > 0 and a real number b, set
ω(t) = ωa,b(t) = a log(e + log t)log t +
b
log t
.
Then we can find r0 > 1 and c > 0 such that
(i) ω′(t) < 0 for t  r0;
(ii) ω′′(t) > 0 for t  r0;
(iii) |ω(s) − ω(t)| a|s − t | for s, t  r0;
(iv) ω(t) ωa,c(2t) for t  r0.
Remark 2.2. There exists r0 > 1 such that∣∣p(x) − p(y)∣∣ a|x − y| C
log(e + 1/|x − y|) (1)
whenever |x − y| 1 and |y| |x| r0, so that∣∣p′(x) − p′(y)∣∣= |p(x) − p(y)|  C2 (2)(p(x) − 1)(p(y) − 1) (p∞ − 1) log(e + 1/|x − y|)
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so that∣∣p′(x) − p′(y)∣∣ ωa1,c1(|x|) whenever |y| |x|2  r02 , (4)
for a1 = (p∞ − 1)−2a and some c1 > 0.
Lemma 2.3. For a1, a3, a4 > 0 and a real number a2, set
ψ(t) = a3
{
a1 log(c + log t)
log t
+ a2
log t
}
+ a4 log t,
where c > e is chosen so that
a1 log c + a2 > 0. (5)
If 1 < t1 < t < t2, then
ψ(t)max
{
ψ(t1),ψ(t2)
}
.
Proof. Set s = log t . Then
d
ds
ψ(es) = g(s)
s2
, where g(s) = a3
{
a1
(
s
c + s − log(c + s)
)
− a2
}
+ a4s2.
Since g′(s) = −a3a1s/(c + s)2 + 2a4s and g(0) = a3(−a1 log c − a2) < 0 by (4), we can
find s∗ > 0 such that ψ(es) decreases when 0 < s < s∗ and ψ(es) increases when s > s∗,
which proves the required result. 
3. Maximal functions
For a locally integrable function f on Rn, we consider the maximal function Mf de-
fined by
Mf (x) = sup
B
1
|B|
∫
B
∣∣f (y)∣∣dy,
where the supremum is taken over all balls B = B(x, r) and |B| denotes the volume of B .
Let p(x) be a continuous function on Rn satisfying
(p1) p− = inf
x∈Rn p(x) > 1 and p∞ = lim|x|→∞p(x) > 1;
(p2) ∣∣p(x) − p(y)∣∣ C
log(e + 1/|x − y|) for all x, y ∈ R
n with |x − y| 1;
272 Y. Mizuta, T. Shimomura / J. Math. Anal. Appl. 311 (2005) 268–288(p3)
∣∣p(x) − p(y)∣∣ ωa0,b0(|x|) whenever |y| |x|2 , where
ωa0,b0(t) = a0
log(e + log(e + t))
log(e + t) +
b0
log(e + t) with a0 > 0 and b0 > 0.
Condition (p2) implies
(p4) ∣∣p′(x) − p′(y)∣∣ C
log(e + 1/|x − y|) for all x, y ∈ R
n with |x − y| 1.
It follows from condition (p3) that
(p5)
∣∣p′(x) − p′(y)∣∣ ωa,b(|x|) whenever |y| |x|2 for a = (p∞ − 1)−2a0
and some b > 0.
In view of (1) and (3), we can find r0 > 1 such that
p(x) = p∞ + a log(e + log(e + |x|))log(e + |x|) +
b
log(e + |x|)
for |x|  r0 and p(x) = p(r0x/|x|) for |x| < r0 satisfies all the conditions on p, where
1 < p∞ < ∞ and −∞ < a,b < ∞.
Define the Lp(·) norm by
‖f ‖p(·) = ‖f ‖p(·) = inf
{
λ > 0:
∫ ∣∣∣∣f (y)λ
∣∣∣∣
p(y)
dy  1
}
and denote by Lp(·) the space of all measurable functions f on Rn with ‖f ‖p(·) < ∞.
In view of (p1) and (p2), we have the following result by Diening [4].
Lemma 3.1. Let r0 > 1. If f is a nonnegative measurable function on Rn such that f = 0
on Rn \ B(0,2r0) and ‖f ‖p(·)  1, then∫
B(0,2r0)
{
Mf (x)
}p(x)
dx C.
We next show the following easy results.
Lemma 3.2. If f is a nonnegative measurable function on Rn such that f = 0 on B(0,2r0)
and ‖f ‖p(·)  1, then∫
B(0,r0)
{
Mf (x)
}p(x)
dx  C.
Proof. Let f be a nonnegative measurable function on Rn such that f = 0 on B(0,2r0)
and ‖f ‖p(·)  1. If x ∈ B(0, r0), then
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|B(x, r)|
∫
B(x,r)
f (y) dy Cr−n
∫
B(x,r)
f (y) dy  Cr−n
∫
B(x,r)
{
1 + f (y)p(y)}dy
C + Cr−n0
∫
f (y)p(y) dy.
Note from our assumption ‖f ‖p(·)  1 that∫
f (y)p(y) dy  1,
so that ∫
B(0,r0)
{
Mf (x)
}p(x)
dx C. 
Lemma 3.3. If f is a nonnegative measurable function on Rn such that f = 0 on Rn \
B(0, r0) and ‖f ‖p(·)  1, then∫
Rn\B(0,2r0)
{
Mf (x)
}p(x)
dx  C.
Proof. Let f be a nonnegative measurable function on Rn such that f = 0 on Rn \B(0, r0)
and ‖f ‖p(·)  1. If x ∈ Rn \ B(0,2r0), then
1
|B(x, r)|
∫
B(x,r)
f (y) dy C|x|−n
∫
B(0,r0)
f (y) dy  C|x|−n
∫
B(0,r0)
{
1 + f (y)p(y)}dy
C|x|−n,
so that ∫
Rn\B(0,2r0)
{
Mf (x)
}p(x)
dx  C. 
In what follows, we give an estimate of maximal functions Mf outside the ball B(0, r0),
when we assume that f = 0 on B(0, r0).
Lemma 3.4. Let f be a nonnegative measurable function on Rn such that ‖f ‖p(·)  1 and
f = 0 on B(0, r0). If |x| r0 and
F = F(x, r) = 1|B(x, r)∣∣
∫
B(x,r)
f (y)p(y) dy > 1,
then
1
|B(x, r)|
∫
B(x,r)
f (y) dy CF 1/p(x).
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‖f ‖p(·)  1. Note from (p4) that∣∣p′(x) − p′(y)∣∣ ω(r) for y ∈ B(x, r) \ B(0, r0),
where ω(r) = C/ log(e + 1/r). For 0 < µ < 1, since f = 0 on B(0, r0), we have
1
|B(x, r)|
∫
B(x,r)
f (y) dy
 µ
(
1
|B(x, r)|
∫
B(x,r)\B(0,r0)
(1/µ)p
′(y) dy + 1|B(x, r)|
∫
B(x,r)
f (y)p(y) dy
)
 µ
(
(1/µ)p
′(x)+ω(r) + F ).
Here, considering µ = F−1/{p′(x)+ω(r)} < 1, we have
1
|B(x, r)|
∫
B(x,r)
f (y) dy  2F 1/p(x)Fω(r)/{p′(x)(p′(x)+ω(r))}.
Since ∫
B(x,r)
f (y)p(y) dy  1 and r−n/p(x)−nω(r)/{p′(x)(p′(x)+ω(r))}  Cr−n/p(x),
we obtain
1
|B(x, r)|
∫
B(x,r)
f (y) dy  CF 1/p(x),
as required. 
Define the Hardy operator by
Hf (x) = 1|B(0, |x|)|
∫
B(0,|x|)
∣∣f (y)∣∣dy.
Let r0 > 1 be a fixed constant such that ωa,b(t) < 1 for t  r0; see (p5) for ωa,b .
Lemma 3.5. Let f be a nonnegative measurable function on Rn such that f = 0 on
B(0, r0). If |x| r0 and
F = 1|B(x, r)|
∫
B(x,r)
f (y)p(y) dy  1,
then
1
|B(x, r)|
∫
B(x,r)
f (y) dy  CF 1/p(x)
(
log(e + F−1))A0 + Cβ(x) + CHf (x),
where A0 = a0n/p2∞ and β(x) = (e+|x|)−n/p(x)(log(e+|x|))c , c = a0n/{p∞(p∞ − 1)}.
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when |y| |x|/2 r0/2, where ω(r) = ωa,b(r). Let f be a nonnegative measurable func-
tion on Rn such that f = 0 on B(0, r0) and
F = 1|B(x, r)|
∫
B(x,r)
f (y)p(y) dy  1.
Then, for µ 1, we have
1
|B(x, r)|
∫
B(x,r)\B(0,|x|/2)
f (y) dy
 µ
(
1
|B(x, r)|
∫
B(x,r)\B(0,|x|/2)
(
1
µ
)p′(y)
dy + 1|B(x, r)|
∫
B(x,r)
f (y)p(y) dy
)
 µ
(
µ−p′(x)+ω(|x|) + F ).
If 1 F−1  (e + |x|)n, then, considering µ = F−1/{p′(x)−ω(|x|)}, we have
1
|B(x, r)|
∫
B(x,r)\B(0,|x|/2)
f (y) dy
 2F 1/p(x)F−ω(|x|)/{p′(x)(p′(x)−ω(|x|))}  CF 1/p(x)
(
log(e + F−1))A0 .
If F−1  (e + |x|)n, then considering µ = (e + |x|)n/p′(x), we have
1
|B(x, r)|
∫
B(x,r)\B(0,|x|/2)
f (y) dy  Cβ(x).
Hence it follows that
1
|B(x, r)|
∫
B(x,r)\B(0,|x|/2)
f (y) dy  CF 1/p(x)
(
log(e + F−1))A0 + Cβ(x).
Next note that
1
|B(x, r)|
∫
B(x,r)∩B(0,|x|/2)
f (y) dy  CHf (x).
In fact, if r > |x|/2 r0/2, then the inequality follows from the definition of Hf (x); and
if 0 < r  |x|/2, then it is trivially true. 
Lemma 3.6. Let f be a nonnegative measurable function on Rn such that f = 0 on
B(0, r0). If |x| r0 and
G = 1|B(0, |x|)|
∫
f (y)p(y) dy  1,
B(0,|x|)
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Hf (x) CG1/p(x)
(
log(e + G−1))A0 + Cβ(x).
Proof. Let f be a nonnegative measurable function on Rn such that f = 0 on B(0, r0).
For µ 1 and r = |x| r0, we have
1
|B(0, r)|
∫
B(0,r)
f (y) dy  µ
(
1
|B(0, r)|
∫
B(0,r)\B(0,r0)
(
1
µ
)p′(y)
dy + G
)
.
Then note by (p5) that
−p′(y)−p′(x) + ω(|y|) when r0  |y| < |x|,
where ω(r) = ωa,b(r) as before. For c > 0 and 0 < m < n, Lemma 2.3 gives
µω(t)tm  Cµω(r)rm
whenever logµ c log r and r0  t < r . Noting that µ−p
′(y)tm  Cµ−p′(x)+ω(r)rm when
r0 < t = |y| < r = |x|, we find
1
|B(0, r)|
∫
B(0,r)
f (y) dy  µ
(
Cµ−p′(x)+ω(r) + G).
First assume r−n < G  1. Then we set µ = G−1/{p′(x)−ω(r)} and, noting that µ  Crn,
we have
1
|B(0, r)|
∫
B(0,r)
f (y) dy
CG1/p(x)G−ω(r)/{p′(x)(p′(x)−ω(r))}  CG1/p(x)
(
log(e + G−1))A0 .
Next, if G r−n, then we set µ = rn/p′(x) and obtain
1
|B(0, r)|
∫
B(0,r)
f (y) dy  Cβ(x),
which proves the lemma. 
Applying Hardy’s inequality, we can prove the following result; see also Lemma 4.7.
Lemma 3.7. Let f be a nonnegative measurable function on Rn such that ‖f ‖p(·)  1. For
1 < p0 < p∞, set p0(x) = p(x)/p0 and g0(y) = f (y)p0(y). Then∫ {
Hg0(x)
}p0 dx  C.
Now we are ready to prove the boundedness of maximal functions.
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Rn with ‖f ‖p(·)  1, then∫ {
Mf (x)
(
log
(
e + Mf (x)−1))−A}p(x) dx C.
Proof. For A > A0, with the aid of Lemmas 3.1–3.3, we have only to prove∫
Rn\B(0,r0)
{
Mf (x)
(
log
(
e + Mf (x)−1))−A}p(x) dx C
whenever f is a nonnegative measurable function on Rn such that ‖f ‖p(·)  1 and f = 0
on B(0, r0).
Let f be a nonnegative measurable function on Rn such that ‖f ‖p(·)  1 and f = 0 on
B(0, r0). Write
f = f χ{y:f (y)1} + f χ{y:f (y)<1} = f1 + f2.
For 1 < p0 < p−, set p0(x) = p(x)/p0 and gi(y) = fi(y)p0(y) (i = 1,2). Then we have
by Lemmas 3.4 and 3.5
Mf1(x)C
{
Mg1(x)
(
log
(
e + Mg1(x)−1
))A0p0p0(x)}1/p0(x) + Cβ0(x) + CHf1(x)
for |x| r0, where β0(x) = (e+|x|)−n/p0(x)(log(e+|x|))c0 for some c0 > 0. Take p0 > 1
such that
A > A0p0.
Since
G = 1|B(0, |x|)|
∫
B(0,|x|)
f1(y)
p0(y) dy  1|B(0, r0)| ,
for |x| r0, Lemma 3.6 gives{
Mf1(x)
(
log
(
e + Mf1(x)−1
))−A}p(x) C{Mg1(x) + β1(x) + Hg1(x)}p0 ,
where β1(x) = (e + |x|)−n(log(e + |x|))c1 for some c1 > 0. Hence, by Lemma 3.7 and the
boundedness of maximal functions in Lp0 ,∫
Rn\B(0,r0)
{
Mf1(x)
(
log
(
e + Mf1(x)−1
))−A}p(x)
dx  C.
On the other hand, we have by Lemma 3.5,
Mf2(x)C
{
Mg2(x)
(
log
(
e + Mg2(x)−1
))A0p0p0(x)}1/p0(x) + Cβ0(x) + CHf2(x),
which together with Lemma 3.6 yields{
Mf2(x)
(
log
(
e + Mf2(x)−1
))−A}p(x) C{Mg2(x) + Cβ1(x) + CHg2(x)}p0
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boundedness of maximal functions in Lp0 to establish∫
Rn\B(0,r0)
{
Mf2(x)
(
log
(
e + Mf2(x)−1
))−A}p(x)
dx  C.
Thus the proof is completed. 
Remark 3.9. Let n = 1 and
p(y) =
{
p∞ + a0 log(log(e+y))log(e+y) when y > 0,
p∞ when y  0,
where p∞ > 1 and a0 > 0. For r > e, define fr(y) = r−1/p∞(log r)A0 for r < y < 2r and
fr(y) = 0, otherwise, where A0 = a0/p2∞. Then
(i) ∫ fr(y)p(y) dy  C1;
(ii) Mfr(x) |B(x,3|x|)|−1
∫
B(x,3|x|) fr (y) dy  C2r−1/p∞(log r)A0 for −2r < x < −r .
Then it follows from (ii) that∫
B(0,2r)
{
Mfr(x)
(
log
(
e + Mfr(x)−1
))−A}p(x)
dx  C3(log r)(A0−A)p∞ ,
which implies that the conclusion of Theorem 3.8 does not hold when A < A0.
4. Sobolev’s inequality
For a locally integrable function f on Rn, we define the Riesz potential of order α by
Iαf (x) =
∫
|x − y|α−nf (y) dy.
A well-known Sobolev’s inequality says that(∫ ∣∣Iαf (x)∣∣q dx
)1/q
C
(∫ ∣∣f (x)∣∣p dx)1/p (6)
when 1/q = 1/p − α/n and 1 < p < n/α; for this, see e.g. the book by Adams and Hed-
berg [1].
In this section we give a logarithmic Sobolev inequality for Riesz potentials of functions
in Lp(·), where p(·) satisfies the conditions in Section 3 together with
(p6) sup
x∈Rn
p(x) <
n
α
.
Let 1/p
(x) = 1/p(x)−α/n. First we know the following result with the aid of Capone,
Cruz-Uribe and Fiorenza [2], Diening [5] and the authors [8].
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B(0,2r0) and ‖f ‖p(·)  1, then∫
B(0,2r0)
Iαf (x)
p
(x) dx  C.
The following two results treat easy cases.
Lemma 4.2. If f is a nonnegative measurable function on Rn such that f = 0 on B(0,2r0)
and ‖f ‖p(·)  1, then∫
B(0,r0)
Iαf (x)
p
(x) dx  C.
Proof. Let f be a nonnegative measurable function on Rn such that f = 0 on B(0,2r0)
and ‖f ‖p(·)  1. If x ∈ B(0, r0), then
Iαf (x) C
∫
Rn\B(0,2r0)
|y|α−nf (y) dy
 C
( ∫
Rn\B(0,2r0)
|y|(α−n)p′(y) dy +
∫
Rn\B(0,2r0)
f (y)p(y) dy
)
 C + C
∫
Rn
f (y)p(y) dy,
since (α − n)p′(y) + n < 0. Hence it follows from condition ‖f ‖p(·)  1 that∫
B(0,r0)
Iαf (x)
p
(x) dx  C. 
Lemma 4.3. If f is a nonnegative measurable function on Rn such that f = 0 outside
B(0, r0) and ‖f ‖p(·)  1, then∫
Rn\B(0,2r0)
Iαf (x)
p
(x) dx C.
Proof. Let f be a nonnegative measurable function on Rn such that f = 0 on B(0, r0) and
‖f ‖p(·)  1. If x ∈ Rn \ B(0,2r0), then
Iαf (x) C|x|α−n
∫
f (y)dy  C|x|α−n
∫ {
1 + f (y)p(y)}dy  C|x|α−n,
B(0,r0) B(0,r0)
280 Y. Mizuta, T. Shimomura / J. Math. Anal. Appl. 311 (2005) 268–288which together with (p6) proves∫
Rn\B(0,2r0)
Iαf (x)
p
(x) dx  C. 
In what follows, we establish estimates of Riesz potentials Iαf (x) when |x|  r0 and
f = 0 on B(0, r0).
Lemma 4.4. If f is a nonnegative measurable function on Rn such that f = 0 on B(0, r0)
and ‖f ‖p(·)  1, then∫
B(x,r0)\B(x,δ)
|x − y|α−nf (y) dy Cδ−n/p
(x)
for x ∈ Rn \ B(0, r0) and 0 < δ  e .
Proof. Let f be a nonnegative measurable function on Rn such that f = 0 on B(0, r0) and
‖f ‖p(·)  1. From (p4) we see that if |x| r0, then
p′(x) − ω(|x − y|) p′(y) p′(x) + ω(|x − y|) for y ∈ B(x,1) \ B(0, r0),
where ω(r) = C/ log(e + 1/r). For µ > 0 and 0 < δ < 1, since ‖f ‖p(·)  1 and f = 0 on
B(0, r0), we have∫
B(x,1)\B(x,δ)
|x − y|α−nf (y) dy
 µ
( ∫
B(x,1)\{B(0,r0)∪B(x,δ)}
(|x − y|α−n/µ)p′(y) dy + ∫
B(x,1)\B(x,δ)
f (y)p(y) dy
)
 µ
( ∫
B(x,1)\{B(0,r0)∪B(x,δ)}
(|x − y|α−n/µ)p′(y) dy + 1
)
.
Let E = {x ∈ Rn: |x − y|α−n > µ}. If µ > 1, then we obtain∫
E∩B(x,1)\{B(0,r0)∪B(x,δ)}
(|x − y|α−n/µ)p′(y) dy

∫
E∩B(x,1)\B(x,δ)
(|x − y|α−n/µ)p′(x)+ω(|x−y|) dy
 µ−p′(x)−ω(δ)
∫
Rn\B(x,δ)
|x − y|(α−n)(p′(x)+ω(|x−y|)) dy
Cµ−p′(x)−ω(δ)δ(α−n)(p′(x)+ω(δ))+n.
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B(x,1)\{E∪B(x,δ)}
(|x − y|α−n/µ)p′(y) dy C,
we find ∫
B(x,1)\B(x,δ)
|x − y|α−nf (y) dy  Cµ(µ−p′(x)−ω(δ)δ(α−n)(p′(x)+ω(δ))+n + 1).
Hence, considering µ = δα−n+n/(p′(x)+ω(δ)), we see that∫
B(x,1)\B(x,δ)
|x − y|α−nf (y) dy  Cδα−n+n/(p′(x)+ω(δ)).
Since
δα−n+n/{p′(x)+ω(δ)} = δα−n/p(x)δ−nω(δ)/{p′(x)(p′(x)+ω(δ))} Cδ−n/p
(x),
we find ∫
B(x,1)\B(x,δ)
|x − y|α−nf (y) dy  Cδ−n/p
(x).
On the other hand, we have∫
B(x,r0)\B(x,1)
|x − y|α−nf (y) dy 
∫
B(x,r0)\B(x,1)
f (y) dy

∫
B(x,r0)
{
1 + f (y)p(y)}dy  C.
Thus the proof is completed. 
Lemma 4.5. If f is a nonnegative measurable function on Rn such that ‖f ‖p(·)  1 and
f = 0 on B(0, r0), then∫
Rn\{B(0,|x|/2)∪B(x,δ)}
|x − y|α−nf (y) dy  Cδ−n/p
(x)(log δ)A0
for x ∈ Rn \ B(0, r0) and δ > e, where A0 = a0n/p2∞ as before.
Proof. For x ∈ Rn \B(0, r0) and µ > 0, since ‖f ‖p(·)  1 and f = 0 on B(0, r0), we have∫
Rn\{B(0,|x|/2)∪B(x,δ)}
|x − y|α−nf (y) dy
 µ
( ∫
n
(|x − y|α−n/µ)p′(y) dy
R \{B(0,r0)∪B(0,|x|/2)∪B(x,δ)}
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∫
Rn\{B(0,|x|/2)∪B(x,δ)}
f (y)p(y) dy
)
 µ
( ∫
Rn\{B(0,r0)∪B(0,|x|/2)∪B(x,δ)}
(|x − y|α−n/µ)p′(y) dy + 1
)
.
First consider the case e < δ  2|x|. Let E = {y ∈ Rn \B(0, |x|/2): |x −y|α−n/µ > 1}.
From (p5) we see that
p′(x) − ω p′(y) p′(x) + ω for y ∈ Rn \ B(0, |x|/2),
where ω = ωa,b(r) with r = |x|. We may assume that p′(x) − ω > n/(n − α) when
|x| r0. Hence, if 0 < µ < 1, then we obtain∫
Rn\{E∪B(0,r0)∪B(x,δ)}
(|x − y|α−n/µ)p′(y) dy

∫
Rn\{E∪B(x,δ)}
(|x − y|α−n/µ)p′(x)−ω dy
 µ−p′(x)+ω
∫
Rn\B(x,δ)
|x − y|(α−n)(p′(x)−ω) dy
Cµ−p′(x)+ωδ(α−n)(p′(x)−ω)+n.
Considering µ = δα−n+n/(p′(x)−ω) < 1 for δ > e, we see that∫
Rn\{E∪B(0,r0)∪B(x,δ)}
(|x − y|α−n/µ)p′(y) dy  C,
so that ∫
Rn\{E∪B(x,δ)}
|x − y|α−nf (y) dy  Cδα−n+n/(p′(x)−ω).
Similarly ∫
E\{B(0,r0)∪B(x,δ)}
(|x − y|α−n/µ)p′(y) dy

∫
E\B(x,δ)
(|x − y|α−n/µ)p′(x)+ω dy
 µ−p′(x)−ω
∫
Rn\B(x,δ)
|x − y|(α−n)(p′(x)+ω) dy
Cµ−p′(x)−ωδ(α−n)(p′(x)+ω)+n.
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E\{B(0,r0)∪B(x,δ)}
(|x − y|α−n/µ)p′(y) dy  Cδn{1−(p′(x)+ω)/(p′(x)−ω)} C,
so that ∫
E\B(x,δ)
|x − y|α−nf (y) dy  Cδα−n+n/(p′(x)−ω).
Therefore ∫
Rn\{B(0,|x|/2)∪B(x,δ)}
|x − y|α−nf (y) dy  Cδα−n+n/(p′(x)−ω).
Since e < δ  2|x|,
δα−n+n/(p′(x)−ω) = δα−n/p(x)δnω/{p′(x)(p′(x)−ω)}  Cδ−n/p
(x)(log δ)a0n/p2∞,
so that ∫
Rn\{B(0,|x|/2)∪B(x,δ)}
|x − y|α−nf (y) dy  Cδ−n/p
(x)(log δ)A0 .
Next consider the case δ > 2|x| 2r0. Then∫
Rn\B(x,δ)
|x − y|α−nf (y) dy C
∫
Rn\B(Xδ,δ/2)
|Xδ − y|α−nf (y) dy,
where Xδ = (δ/4,0, . . . ,0) ∈ Rn. The above considerations yield∫
Rn\B(x,δ)
|x − y|α−nf (y) dy Cδ−n/p
(x)(log δ)A0 .
Thus the proof is completed. 
For a measurable function f on Rn, we define the Hardy operator Hα of order α by
Hαf (x) = |x|α−n
∫
B(0,|x|)
∣∣f (y)∣∣dy.
Lemma 4.6. If f is a nonnegative measurable function on Rn such that ‖f ‖p(·)  1 and
f = 0 on B(0, r0), then
Iαf (x) CMf (x)p(x)/p

(x)
(
log
(
e + Mf (x)−1))a0αp(x)/p2∞ + CHαf (x)
for x ∈ Rn \ B(0, r0).
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‖f ‖p(·)  1, set
f = f1 + f2,
where f1 = f χ{y:f (y)1} and f2 = f χ{y:f (y)<1}. Then Lemma 4.5 gives
Iαf2(x) =
∫
B(x,δ)
|x − y|α−nf2(y) dy +
∫
Rn\{B(0,|x|/2)∪B(x,δ)}
|x − y|α−nf2(y) dy
+
∫
B(0,|x|/2)
|x − y|α−nf2(y) dy
 CδαMf2(x) + Cδ−n/p
(x)
(
log(e + δ))A0 + CHαf2(x)
for x ∈ Rn\B(0, r0) and δ > e. If we set δ = Mf2(x)−p(x)/n(log(e+Mf2(x)−1))a0p(x)/p2∞ ,
then it follows that
Iαf2(x) CMf2(x)p(x)/p

(x)
(
log
(
e + Mf2(x)−1
))a0αp(x)/p2∞ + CHαf2(x).
On the other hand, since∫
Rn\B(x,r0)
|x − y|α−nf1(y) dy  rα−n0
∫
Rn\B(x,r0)
f1(y)
p(y) dy C,
Lemma 4.4 gives
Iαf1(x) =
∫
B(x,δ)
|x − y|α−nf1(y) dy +
∫
B(x,r0)\B(x,δ)
|x − y|α−nf1(y) dy
+
∫
Rn\B(x,r0)
|x − y|α−nf1(y) dy
 CδαMf1(x) + Cδ−n/p
(x) + C
 CδαMf1(x) + Cδ−n/p
(x)
(
log(e + δ))A0 + C
for x ∈ Rn \ B(0, r0) and δ < e. If Mf1(x) 1, then we have
Iαf1(x) CMf1(x)p(x)/p

(x)
(
log
(
e + Mf1(x)−1
))a0αp(x)/p2∞ + C,
and if Mf1(x) 1, then we have
Iαf1(x) CMf1(x)p(x)/p

(x)
(
log
(
e + Mf1(x)−1
))a0αp(x)/p2∞ + CHαf1(x),
which yields the required inequality. 
Lemma 4.7. Let 1 < p1 < n/β and 1/q1 = 1/p1 − β/n. Then
‖Hβf ‖q1  C‖f ‖p1 .
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Lemma 4.8. Let f be a nonnegative measurable function on Rn such that f = 0 on
B(0, r0) and
G = 1|B(0, |x|)|
∫
B(0,|x|)
f (y)p(y) dy  1.
Further suppose
Hαf (x)Cr−δ (7)
whenever r = |x| r0, where δ is a positive constant. Then
Hαf (x)
(
log
(
e + Hαf (x)−1
))−A0
 C
(
rαp(x)−n
∫
B(0,r)
f (y)p(y) dy
)1/p(x)
+ Cβα(x)
for |x| r0, where βα(x) = |x|α−n/p(x)(log(e + |x|))c for some c > 0.
Proof. In view of the proof of Lemma 3.6, we see that if G r−n < 1 with r = |x|, then
Hαf (x)Cβα(r);
and if r−n < G 1, then
Hαf (x)CrαG1/p(x)
(
log(e + G−1))A0 .
In the latter case we obtain from (7)
Hαf (x)
(
log
(
e + Hαf (x)−1
))−A0
 CrαG1/p(x)
(
log(e + G−1))A0(log r)−A0  CrαG1/p(x)
= C
(
rαp(x)−n
∫
B(0,r)
f (y)p(y) dy
)1/p(x)
,
as required. 
Lemma 4.9. Let f be a nonnegative measurable function on Rn such that ‖f ‖p(·)  1 and
f = 0 on B(0, r0). If A > A0, then∫
Rn\B(0,r0)
{
Hαf (x)
(
log
(
e + Hαf (x)−1
))−A}p
(x)
dx  C.
Proof. Let 1/p
∞ = 1/p∞ − α/n and 1/p
(x) = 1/p(x) − α/n. Take p1 such that 1 <
p1 < p−, and set p1(y) = p(y)/p1. Since∫
f (y)p(y) dy  1
B(0,r)
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G1 = r−n
∫
B(0,r)
f (y)p1(y) dy C
(
r−n
∫
B(0,r)
f (y)p(y) dy
)1/p1
 Cr−n/p1 ,
which proves by Lemma 3.6 that
Hαf (x) Cr(αp(x)−n)/p(x)(log r)c1
for some c1 > 0. If we take δ such that 0 < δ < (n − αp(x))/p(x) for all x ∈ Rn, then (7)
holds. Hence it follows from Lemma 4.8 that
Hαf (x)
(
log
(
e + Hαf (x)−1
))−A
C
(
rαp1(x)−n
∫
B(0,r)
f (y)p1(y) dy
)1/p1(x)
+ C(1 + |x|)α−n/p1(x)(log(e + |x|))c2 .
Since α − n/p1(x) < α − n/p(x) = −n/p
(x), we have∫ (
1 + |x|)(α−n/p1(x))p
(x)(log(e + |x|))c2p
(x) dx < ∞.
Further we find(
r−n
∫
B(0,r)
f (y)p1(y) dy
)p1(p
(x)/p(x)−p
∞/p∞)
C
(
r−n
∫
B(0,r)
f (y)p(y) dy
)p
(x)/p(x)−p
∞/p∞
Cr−n(p
(x)/p(x)−p

∞/p∞) = Cr−α(p
(x)−p
∞),
which proves
rαp

(x)
(
r−n
∫
B(0,r)
f (y)p1(y) dy
)p1p
(x)/p(x)
Crαp

∞
(
r−n
∫
B(0,r)
f (y)p1(y) dy
)p
∞p1/p∞
= C
(
rαp∞/p1−n
∫
B(0,r)
f (y)p1(y) dy
)q1
,
where q1 = p
∞p1/p∞. Consequently it follows from Lemma 4.7 that
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∫
Rn\B(0,r0)
{
Hαf (x)
(
log
(
e + Hαf (x)−1
))−A}p
(x)
dx  C,
as required. 
Our final goal is to establish Sobolev’s inequality of Riesz potentials defined in Rn,
which gives an extension of Capone, Cruz-Uribe and Fiorenza [2, Theorem 1.6].
Theorem 4.10. If A > A0, then∫
Rn
{
Iαf (x)
(
log
(
e + Iαf (x)−1
))−A}p
(x)
dx  C
whenever f is a nonnegative measurable function on Rn with ‖f ‖p(·)  1.
Proof. Let f be a nonnegative measurable function on Rn with ‖f ‖p(·)  1. In view of
Lemmas 4.1–4.3, it suffices to show∫
Rn\B(0,r0)
{
Iαf (x)
(
log
(
e + Iαf (x)−1
))−A}p
(x)
dx  C
when f = 0 on B(0, r0). Lemma 4.6 gives
Iαf (x) CMf (x)p(x)/p

(x)
(
log
(
e + Mf (x)−1))a0αp(x)/p2∞ + CHαf (x)
for |x| r0. Hence it follows that{
Iαf (x)
(
log
(
e + Iαf (x)−1
))−A}p
(x)
 C
{
Mf (x)
(
log
(
e + Mf (x)−1))−A}p(x)
+ C{Hαf (x)(log(e + Hαf (x)−1))−A}p
(x).
Therefore Theorem 3.8 together with Lemma 4.9 establishes the required inequality. 
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